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Â ñîîòâåòñòâèè ñ
ñîâðåìåííûìè
ïðåäñòàâëåíèÿìè,
ðåíòãåíîâñêîå è
ãàììà-èçëó÷åíèå íàèáîëåå
ÿðêèõ â ýòîì äèàïàçîíå
àñòðîôèçè÷åñêèõ
èñòî÷íèêîâ îáåñïå÷èâàåòñÿ
çà ñ÷åò ýíåðãèè,
âûäåëÿåìîé ïëàçìîé, â
ïðîöåññå åå àêêðåöèè íà
ñâåðõìàññèâíóþ ÷åðíóþ
äûðó.

Ðèñ.:



Ââåäåíèå: ðåçóëüòàòû, èìåþùèåñÿ â ëèòåðàòóðå
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1 Àíàëèòè÷åñêîå ðåøåíèå
äëÿ âåêòîðíîãî
ïîòåíöèàëà Aj

ýëåêòðè÷åñêîãî çàðÿäà,
ïîêîÿùåãîñÿ â

ïðîñòðàíñòâå âïåðâûå
ïîëó÷åíî â ðàáîòå
E. Copson, 1928.

2 Ðåøåíèå ïðîâåðåíî è
óòî÷íåíî B. Linet, 1976.

3 Â ðàáîòå
R. Hanni and R. Ru�ni, 1973
äàííîå ðåøåíèå çàïèñàíî
â âèäå ìóëüòèïîëüíîãî
ðàçëîæåíèÿ. Çäåñü
ïîêàçàíî, ÷òî ñ
äîñòàòî÷íîé òî÷íîñòüþ
ðåøåíèå ìîæíî îïèñàòü
ìóëüòèïîëüíûìè
ìîìåíòàìè ñ íîìåðàìè:
l = 0, 1, 2, 3 .

1 Â ðàáîòå Ross, 1971 âû÷èñëåí ñïåêòð
ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ ÷àñòèöû,
ðàäèàëüíî ïàäàþùåé â ÷åðíóþ äûðó
Øâàðöøèëüäà. Âûñèñëåíèÿ îñíîâàíû íà
ôîðìóëå ÑÒÎ:

dP i =
2q2

3

d2xk

dτ2
d2xk

dτ2
uidτ ; (1)

2 Îáùåðåëÿòèâèñòñêîå âû÷èñëåíèå ñïåêòðà
èçëó÷åíèÿ òàêîé ÷àñòèöû âïåðâûå ïðåäñòàâëåíî
â ðàáîòàõ Zerilli, 1970, R. Ru�ni, 1971,
R. Ru�ni 1972. Çäåñü âû÷èñëåí ñïåêòð äëÿ
ïåðâûõ 3 ìóëüòèïîëåé. Óòâåðæäàåòñÿ, ÷òî
èçëó÷åíèå, ñîîòâåòñòâóþùåå îñòàëüíûì
ìóëüòèïîëüíûì ìîìåíòàì, ïðåíåáðåæèìî ìàëî;

3 Â ðàáîòå A. Shoom, 2015 ïîêàçàíî, ÷òî ôîðìóëà
(1) ìîæåò áûòü èñïîëüçîâàíà òîëüêî ëèøü â òåõ
ñëó÷àÿõ, êîãäà ìàñøòàá, íà êîòîðîì ìåíÿåòñÿ
òðàåêòîðèÿ ÷àñòèöû, íà ìíîãî ìåíüøå ìàñøòàáà
íåîäíîðîäíîñòåé ãðàâèòàöèîííîãî ïîëÿ;

4 Â ðàáîòå Folacci and Oul El Hadj, 2020 ÷èñëåííî
íàéäåí ñïåêòð èçëó÷åíèÿ è åãî âðåìåííàÿ
çàâèñèìîñòü äëÿ ÷àñòèöû, äâèãàþùåéñÿ âáëèçè
÷åðíîé äûðû Øâàðöøèëüäà ïî òðàåêòîðèÿì
ñïåöèàëüíîãî âèäà (ðàäèàëüíûì è êðóãîâûì).



Ââåäåíèå: ðåàêöèÿ èçëó÷åíèÿ

1 Âëèÿíèå ðåàêöèè ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ íà äâèæåíèå ÷àñòèöû ó÷òåíî â
ðàáîòàõ Arman Tursunov, Martin Kolos, Zdenek Stuhlik, and Dmitri V. Galtsov, 2018.
Ðàñ÷åòû ïðîâåäåíû íà îñíîâå óðàâíåíèÿ Ëàíäàó-Ëèôøèöà;

2 Â ìîíîãðàôèè E. Poisson, 2004, 2011 ïðåäñòàâëåí îáùåðåëÿòèâèñòñêèé âûâîä
óðàâíåíèé äâèæåíèÿ çàðÿäà âî âíåøíåì ãðàâèòàöèîííîì ïîëå ñ ó÷åòîì ðåàêöèè
èçëó÷åíèÿ. Çäåñü ïðåäñòàâëåíî àíàëèòè÷åñêîå âûðàæåíèå äëÿ ïîòåíöèàëà Aj (÷åðåç
ìèðîâóþ ôóíêöèþ Ñèíãà).
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Îòêðûòûå âîïðîñû

1 Â ðàáîòå A. A. Shatskiy, I. D. Novikov and L. N. Lipatova, 2013 îòìå÷àåòñÿ, ÷òî ïîëíàÿ

ýíåðãèÿ, èçëó÷àåìàÿ ýëåêòðîíîì, ïàäàþùèì â ÷åðíóþ äûðó, ìàññîé < 1011 êã,
ïðåâûøàåò ýíåðãèþ ïîêîÿ ýëåêòðîíà mec2 .

2 Îòñóòñòâóåò àíàëèòè÷åñêàÿ îöåíêà äëÿ ïîëíîé ýëåêòðîìàãíèòíîé ýíåðãèè, èçëó÷àåìîé
÷àñòèöåé, ïàäàþùåé â ÷åðíóþ äûðó (èìååòñÿ òîëüêî ÷èñëåííàÿ îöåíêà äëÿ îòäåëüíûõ
ìóëüòèïîëüíûõ êîýôôèöèåíòîâ);

3 Îòñóòñòâóåò ñòðîãîå äîêàçàòåëüñòâî ñôåðè÷åñêè-ñèììåòðè÷íîãî õàðàêòåðà
ýëåêòðîìàãíèòíîãî ïîëÿ çÿðÿäà, àñèìïòîòè÷åñêè ïðèáëèæàþùåãîñÿ ê ÷åðíîé äûðå
(îíî èìååòñÿ ëèøü äëÿ ñëó÷àÿ ôèêñèðîâàííîãî â ïðîñòðàíñòâå çàðÿäà);

4 Â ëèòåðàòóðå îòñóòñòâóþò ÷èñëåííûå ðåçóëüòàòû âû÷èñëåíèÿ õàðàêòåðèñòèê
ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ ÷àñòèöû, ïðè ó÷åòå âëèÿíèÿ ðåàêöèè ýëåêòðîìàãíèòíîãî
èçëó÷åíèÿ (óðàâíåíèÿ äâèæåíèÿ ïîëó÷åíû â E. Poisson, 2004, 2011).
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Ïîêîÿùèéñÿ çàðÿä âáëèçè ÷åðíîé äûðû Øâàðöøèëüäà
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Ðèñ.: Ëèíèè ýëåêòðè÷åñêîãî ïîëÿ äëÿ çàðÿäà íà ðàññòîÿíèè r0 = 4M îò ÷åðíîé äûðû
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Ðèñ.: Ëèíèè ýëåêòðè÷åñêîãî ïîëÿ äëÿ çàðÿäà íà ðàññòîÿíèè r0 = 3M îò ÷åðíîé äûðû
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Ïîêîÿùèéñÿ çàðÿä âáëèçè ÷åðíîé äûðû Øâàðöøèëüäà
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Ðèñ.: Ëèíèè ýëåêòðè÷åñêîãî ïîëÿ äëÿ çàðÿäà íà ðàññòîÿíèè r0 = 2, 5M îò ÷åðíîé äûðû
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Ðèñ.: Ëèíèè ýëåêòðè÷åñêîãî ïîëÿ äëÿ çàðÿäà íà ðàññòîÿíèè r0 = 2, 1M îò ÷åðíîé äûðû
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Ðèñ.: Ëèíèè ýëåêòðè÷åñêîãî ïîëÿ äëÿ çàðÿäà íà ðàññòîÿíèè r0 = 2, 05M îò ÷åðíîé äûðû
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Ïîêîÿùèéñÿ çàðÿä âáëèçè ÷åðíîé äûðû Øâàðöøèëüäà

Ñôåðè÷åñêè-ñèììåòðè÷íûì ýëåêòðè÷åñêîå ïîëå áóäåò è â ñëó÷àå
çàðÿäà, àñèìïòîòè÷åñêè ïàäàþùåãî íà ÷åðíóþ äûðó.

Komarov, S. O. Electromagnetic �eld of a charge asymptotically
approaching a spherically symmetric black hole / Komarov, S. O.,
Gorbatsievich, A. K. and Vereshchagin, G. V. // Physical Review D. � 2023.
� Vol. 108. � P. 104056 (8 pages).
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Îáùèå óðàâíåíèÿ

Òåíçîð ýëåêòðîìàãíèòíîãî ïîëÿ Fij óäîâëåòâîðÿåò îáùåêîâàðèàíòíûì
óðàâíåíèÿì Ìàêñâåëëà: {

F ls
;s = 4πj l ,

F[ij ,k] = 0 .
(2)

Ñëåäîâàòåëüíî,
Fij = Aj ;i − Ai ;j . (3)

4-âåêòîð òîêà j l äëÿ êîëüöà èìååò âèä:

j l(xk) = q
δ(r − r0)δ(θ − θ0)

2π
√
−gu4

ul(x0, x̃α(x0)) . (4)
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×åðíàÿ äûðà Êåððà

Ãðàâèòàöèîííîå ïîëå âðàùàþùåéñÿ ÷åðíîé äûðû îïèñûâàåòñÿ
ìåòðèêîé:

ds2 = gjkdx
j
dxk = −

(
1− 2r

ρ2

)
ñ
2
dt2 +

ρ2

∆
dr2 +

ρ2dθ2 +
Σ2

ρ2
sin2 θdφ2 − 4ar

ρ2
sin2 θcdtdφ .

Çäåñü {t, r , θ, φ} � êîîðäèíàòû Áîéåðà-Ëèíäêâèñòà. Èñïîëüçîâàíû
îáîçíà÷åíèÿ (ñèñòåìà åäèíèö c = MG = 1):

ρ2 = r2 + a2 cos2 θ ;

∆ = r2 − 2r + a2 ;

Σ2 = (r2 + a2)ρ2 + 2ra2 sin2 θ .
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Ôîðìàëèçì Íüþìåíà-Ïåíðîóçà

Ââåäåì òåòðàäó Íüþìåíà-Ïåíðîóçà l j ; nj ; mj ; m̃j :

l j = {(r2 + a2)/∆; 1; 0; a/∆} ;

nj = (1/2){(r2 + a2)/ρ2; −(∆/ρ2); 0; a/ρ2} ;

mj = {ıa sin θ; 0; 1; ı sin θ}/(r + ıa cos θ)
√
2 ;

m̃j = {−ıa sin θ; 0; 1; −ı sin θ}/((r − ıa cos θ)
√
2) .

Òîãäà ïîëåâûå ôóíêöèè áóäóò èìåòü âèä:

Φ0 = Fij l
imj ;

Φ1 =
1

2
(Fij l

inj − Fijm
im̃j) .

Ïîëó÷èì äëÿ íèõ óðàâíåíèÿ:
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Óðàâíåíèå Òüþêîëüñêîãî

1

∆

∂

∂r

[
∆2∂Φ0

∂r

]
+ 2Φ0 +

1

sin θ

∂

∂θ

(
sin θ

∂Φ0

∂θ

)
−

Φ0

sin2 θ
= J(r , θ) , (5)

(r − ıa cos θ)
∂Φ1

∂r
+ 2Φ1 −

1√
2

(
∂Φ0

∂θ
+ cot θΦ0

)
+

ıa sin θ

(r − ıa cos θ)
√
2

Φ0 =
1

2
(r − ıa cos θ)jk l

k . (6)

Çäåñü

J(r , θ) = − 1√
2

∂

∂θ
(r − aı cos θ) jk l

k +

1√
2

(
(r − aı cos θ)

∂

∂r
+ 2

)
Σ

(r − ıa cos θ)
jkm

k .

Óðàâíåíèå (5) íàçûâàåòñÿ óðàâíåíèåì Òüþêîëüñêîãî.
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Ýëåêòðîìàãíèòíîå ïîëå

Ïîëó÷èì âûðàæåíèÿ äëÿ êîìïîíåíò ïîëÿ:

Φ0 =
1√

2(r + ıa cos θ)

[
ıa sin θF14 −

r2 + a2

∆
F24 +

ı

sin θ
F13 +

a

∆
F32+

F12] .

Â ñëó÷àå ìåäëåííî âðàùàþùåéñÿ ÷åðíîé äûðû, áóäåì ðàññìàòðèâàòü
óðàâíåíèÿ ñ òî÷íîñòüþ äî ëèíåéíûõ ïî a ñëàãàåìûõ. Â ýòîì ñëó÷àå
a ∼ F13 ∼ F32 ∼ F12, òàê êàê â ñëó÷àå ðåøåíèÿ äëÿ ìåòðèêè
Øâàðöøèëüäà ñîîòâåòñòâóþùèå êîìïîíåíòû ðàâíû 0.

√
2Φ0 = − rF24

(r − 2)(r + ia cos θ)
+ ıa

sin θ

r
F14 +

ı

r sin θ
F13 +

1

r
F12 . (7)

Ïóñòü òîê jkm
k = 0. Òàê êàê äåéñòâèòåëüíàÿ ÷àñòü òîêà J(r , θ) íå

ñîäåðæèò ñëàãàåìûõ ïîðÿäêà ∼ a, òî F12 = 0, à F24 ñîâïàäàåò ñ
ðåøåíèåì äëÿ ìåòðèêè Øâàðöøèëüäà.
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Ýëåêòðîìàãíèòíîå ïîëå

Àíàëîãè÷íî:

Φ1 =
1

2
F14 +

ı

r
√
2 sin θ

F32 +
ıa sin θ

r
√
2

F42 .

Íî äåéñòâèòåëüíàÿ ÷àñòü óðàâíåíèÿ (6) òîæå íå ñîäåðæèò ÷ëåíîâ
ïîðÿäêà ∼ a. Òàêèì îáðàçîì F14 ñîâïàäàåò ñ ðåøåíèåì äëÿ ìåòðèêè
Øâàðöøèëüäà. Ñëåäîâàòåëüíî, ðåøåíèå äëÿ êîìïîíåíòû A4 ñîâïàäàåò
ñ ðåøåíèåì äëÿ ñôåðè÷åñêè-ñèììåòðè÷íîé ÷åðíîé äûðû.
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Ýëåêòðîìàãíèòíîå ïîëå

Äëÿ íàõîæäåíèÿ îñòàëüíûõ êîìïîíåíò, ðàññìîòðèì ìíèìóþ ÷àñòü
óðàâíåíèé (5), (6).

Ñ.Î. Êîìàðîâ (ÁÃÓ) Ýëåêòðîìàãíèòíîå ïîëå ... ÷åðíîé äûðû 14 àïðåëÿ, 2025 20 / 28



Ýëåêòðîìàãíèòíîå ïîëå

Ðåøåíèå ïðåäñòàâèì â âèäå:

A4(r , θ) =
∞∑
l=0

Rl(r)Pl(cos θ) .

Òîãäà

Re[Φ0] = −
∞∑
l=0

Rl(r)

(r − 2)
√
2

∂

∂θ
Pl(cos θ) =

∞∑
l=0

R̂l(r)
∂

∂θ
Pl(cos θ) .

Èç óðàâíåíèÿ Òüþêîëüñêîãî â ëèíåéíîì ïðèáëèæåíèè ïîëó÷èì:

1

r2 − 2r

d

dr

[
(r2 − 2r)2

dR̂l

dr

]
−[l(l+1)−2]R̂l = −

∞∑
l=0

2l + 1

2
√
2r

Pl(cos θ0)δ(r−r0) .
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Ðåøåíèå óðàâíåíèÿ

Íàéäåì ðåøåíèÿ:

R in
1 = 1; R in

2 = 1− r ;

R in
3 = 1− 5

2
r +

5

4
r2 .

Rout
l (r) = R in

l (r)

∫
dr ′

(r ′2 − 2r ′)2(R in
l (r ′))2

.

Òàêèì îáðàçîì,

Ain
4 = f (r)− A1(r − 2) cos θ −

A2(1− r)(r − 2)(cos2 θ − sin2 θ/2) + ... . (8)

Èç óðàâíåíèÿ (6) äëÿ ôóíêöèè f (r) ïîëó÷èì óðàâíåíèå:

[r2f ′(r)]′ = −δ(r − r0) ⇒ f (r) = −q/r0, r < r0; f (r) = −q/r , r > r0 .
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Ëèíèè ýëåêòðè÷åñêîãî ïîëÿ â ñèñòåìå ZAMO

Ââåäåì ñèñòåìó îòñ÷åòà ZAMO, 4-ñêîðîñòü êîòîðîé uk óäîâëåòâîðÿåò
óðàâíåíèþ: ξku

k = 0, ãäå ξk = {0, 0, 0, 1} � àçèìóòàëüíîå âåêòîðíîå
ïîëå Êèëëèíãà. Òîãà òåòðàäà èìååò âèä:

hi (1) =
{√

∆
ρ , 0, 0, 0

}
;

hi (2) =
{
0, 1

ρ , 0, 0
}

;

hi (3) =
{
0, 0, ρ

Σ sin θ , 0
}

;

hi (4) =
{
0, 0, 2ar

Σρ
√

∆
, Σ
ρ
√

∆

}
.

Êîìïîíåíòû ýëåêòðè÷åñêîãî ïîëÿ â îðòîíîðìèðîâàííîì áàçèñå:

Er̂ = hi (1)h
j
(4)Fij ;

Eθ̂ = hi (2)h
j
(4)Fij ;

Òîãäà ëèíèè ýëåêòðè÷åñêîãî ïîëÿ ìîãóò áûòü íàéäåíû èç óðàâíåíèÿ:

dr

rdθ
=

Er̂

Eθ̂
=

1√
∆

F 14

F 24
=
√

∆
Σ2F14 + 2arF13
Σ2F24 + 2arF23

.
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Ìàãíèòíîå ïîëå

Àíàëîãè÷íî, äëÿ ñëó÷àÿ ìàãíèòíîãî ïîëÿ íóæíî ðàññìîòðåòü ìíèìóþ
÷àñòü ðåøåíèÿ óðàâíåíèÿ Òüþêîëüñêîãî:

Im[Φ0] = −
∞∑
l=0

RMl(r)

(r − 2)
√
2

∂

∂θ
Pl(cos θ) =

∞∑
l=0

ˆRM l(r)
∂

∂θ
Pl(cos θ) .

Èç óðàâíåíèÿ Òüþêîëüñêîãî â ëèíåéíîì ïðèáëèæåíèè ïîëó÷èì:

1

r2 − 2r

d

dr

[
(r2 − 2r)2

dR̂l

dr

]
− [l(l + 1)− 2]R̂l =

−a
∞∑
l=0

2l + 1

2
√
2l(l + 1)r2

sin θ0
d

dθ
Pl(cos θ0)δ(r − r0) . (9)

Ñ.Î. Êîìàðîâ (ÁÃÓ) Ýëåêòðîìàãíèòíîå ïîëå ... ÷åðíîé äûðû 14 àïðåëÿ, 2025 24 / 28



Ëèíèè ìàãíèòíîãî ïîëÿ â ñèñòåìå ZAMO

Êîìïîíåíòû ìàãíèòíîãî ïîëÿ â îðòîíîðìèðîâàííîì áàçèñå:

Br̂ = hi (1)h
j
(4)eijklF

kl ;

Bθ̂ = hi (2)h
j
(4)eijklF

kl ;

Òîãäà ëèíèè ýëåêòðè÷åñêîãî ïîëÿ ìîãóò áûòü íàéäåíû èç óðàâíåíèÿ:

dr

rdθ
=

Br̂

Bθ̂
.
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Ëèíèè ýëåêòðè÷åñêîãî ïîëÿ â ñèñòåìå ZAMO
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Ëèíèè ýëåêòðè÷åñêîãî ïîëÿ â ñèñòåìå ZAMO
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Ñïàñèáî çà âíèìàíèå!
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